
European Journal of Mechanics B/Fluids 21 (2002) 247–263
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Abstract

Alternating or rotating magnetic fields are often used to stir, shape and support masses of liquid metal. The periodic
electromagnetic force may parametrically excite growing disturbances which can be beneficial or detrimental to the process,
and the aim of this paper is to develop the analysis of such effects. In many cases parametric excitation is described by a system
of coupled simple harmonic oscillators with small periodic forcing and damping terms, and we use Floquet theory to derive
a recursion formula for a matrix whose eigenvalues determine the growth rates. We consider two applications in detail – low-
frequency magnetic stirring in a circular tank and the instability of a free-surface in the presence of an alternating field. 2002
Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Keywords:Magnetohydrodynamics; Parametric resonance; Mathieu equation

1. Introduction

In 1831 Faraday observed that when a container of liquid is subjected to vertical vibrations, standing waves may appear on
the free surface with a frequency half that of the container [2]. The liquid surface is initially plane, and waves are excited only
when the vibration amplitude exceeds a critical threshold depending on the frequency. It can be shown [3] that the amplitude
a(t) of each gravity-wave mode of frequencyΩ evolves according to Mathieu’s equation

ä +Ω2a + ε sin(ωt)a = 0,

where ε is the amplitude andω the frequency of the applied oscillation. For certain values of the parametersω and ε

(typically whenΩ is close to 1
2ω) a(t) may grow exponentially with time. The instability regions in the(ω, ε)-plane are

well documented [4]. When viscous damping in the boundary layers on the container walls is taken into account one obtains a
coupled system of mode evolution equations with convolution operators [5].

The magnetohydrodynamic (MHD) counterpart of the Faraday experiment uses an electrically-conducting liquid (mercury)
with periodic forcing provided by a vertical alternating magnetic field [6]. When the field is relatively weak a pattern of
concentric waves is excited on the free surface, but as the field intensity increases there is a symmetry breaking and modes
with an azimuthal eimθ dependence (m an integer) appear. When the field is further intensified the free-surface disturbance
becomes more complicated and eventually chaotic, drops of mercury being ejected from the surface. The growth of the eimθ

modes is described by a linear coupled system of equations, with periodic forcing and damping arising partly from perturbed
current flow caused by the free-surface deformation and partly from nonlinear effects [7].

Many other industrial applications of MHD use alternating magnetic fields to stir a body of liquid metal or to control the
shape of the free surface [1]. It has been noticed however that the field may destabilise the liquid-metal free surface, causing
striations on the surface of the solidified ingot, which must be shaved off. This problem has been intensively studied [6,8,9].
Recent work [10] shows that the growth of a mode of given wavenumber is described by a simple harmonic equation forced by
a convolution integral with kernel which is periodic in time. It is found that magnetic damping stabilises all modes except for
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certain long wavelengths with frequency close to the field frequency. We refer to this instability as the Garnier–Moreau problem
after one the first papers on the subject.

All these phenomena are described by a coupled system of Mathieu–Hill equations of the form

ẍi +Ω2
i xi = εGi(x1, x2, . . . , xN , t), (1)

where the operatorsGi are linear in the unknown functionsxi (t) and periodic in timet . For the problem involving the tank of
mercury with a vertical alternating field the operatorsGi aremultiplicative, i.e.

G
(
x(t)

)=A(t)x(t)−B(t)ẋ(t),

where G is the N × 1 vector of operators andA(t), B(t) are N × N periodic matrices, andx is the N × 1 vector of
unknown functions. In the free surface instability problem the wave spectrum is continuous and the operator takes the form
of a convolution integral,

G
(
x(t)

)=
∞∫

−∞
K(ξ, t)x(t − ξ)dξ,

where theN ×N matrixK(ξ, t) is periodic int .
The aim of this paper is to develop simple techniques to determine the stability of the system (1), i.e. to determine whether

or not there exist solutions which grow indefinitely with time. This problem (at least for multiplicative operators) has been
intensively studied and detailed treatments given [11], but here we give a simple account which provides a quick path to the
necessary results, based partly on the work of Russian authors [12].

The strategy is to calculate theFloquet matrixF which advances the solution in time by one period; ifF has eigenvalues
with absolute value greater than unity, the system is unstable. In Section 2 we develop a recursive method of calculatingF ,
or more precisely a matrix which is a similarity transform ofF , therefore having the same eigenvalues. Then in Section 3 we
discuss in detail the case of multiplicative operators. We find that such systems exhibit similar behaviour to the simple Mathieu
equation; they are generally stable (assuming positive damping) except near aresonancewhere the driving frequency is simply
related to one of the natural frequenciesΩi or to the sum or difference of two natural frequencies. Convolution operators are
discussed in Section 4. Floquet theory can be applied to such systems if there exists a finite fundamental set of solutions, but it
is not difficult to find examples which have infinitely many solutions. A sufficient condition is given which will guarantee the
existence of a finite fundamental set for certain classes of equations. Numerical methods of solution are discussed and results
given for the Garnier–Moreau problem. The free surface is stable except in the vicinity of the first resonance point. Finally
Section 5 summarises our conclusions.

2. Recursion formula for the Floquet matrix

In this section we consider a system ofN coupled equations. To simplify matters we takeN = 2, but the generalisation to
higherN will be clear.

We consider Eqs. (1) wherei ranges from 1 to 2, andGi(x, t) is a linear operator on

x = (x1, x2, x3, x4)

which is periodic int . If we make the transformation

z1 =Ω1x1, z2 = ẋ1, z3 =Ω2x2, z4 = ẋ2,

we can write the above set of equations as the system

Ż =AZ + εB(z, t), (2)

whereA is the block matrix[
ψ1 0
0 ψ2

]
, ψi =

[
0 Ωi

−Ωi 0

]
,

and

B(z, t)=


0
G1(z1/Ω1, z2, z3/Ω2, z4, t)

0
G2(z1/Ω1, z2, z3/Ω2, z4, t)

 .
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The Floquet matrixF for the system (1) can be written in the form

F = [F1,F2,F3,F 4],
where each column vectorF i is a solution of (1), andF(0) = I4 (the 4× 4 identity matrix). We expand the Floquet matrixF
as a power series inε:

F = F0 + εF1 + ε2F2 + · · · .
Now we can write

Ḟn =AFn +BFn−1, F0(0)= I4, Fn(0) = 0 (n > 0). (3)

Here we have used the abbreviated notation,

BF = [
B(F1, t),B(F2, t),B(F3, t),B(F4, t)

]
.

Growth rates for the solutions of (2) are determined by the eigenvalues ofF , but instead of working withF we use a similar
matrixE [12] defined by setting

E = P−1FP,

whereP is the matrix which diagonalisesF0, i.e. the matrix such that

P−1F0P = diag
(
λ
(0)
1 , λ

(0)
2 , λ

(0)
3 , λ

(0)
4

)
,

where

λi = λ
(0)
i

+ ελ
(1)
i

+ ε2λ
(2)
i

+ · · ·
is theith eigenvalue ofF . Now clearly,

F0 =


cosΩ1t sinΩ1t 0 0
−sinΩ1t cosΩ1t 0 0

0 0 cosΩ2t sinΩ2t

0 0 −sinΩ2t cosΩ2t

 ,

and the matrix which carries out the diagonalisation is also block diagonal:

P =
[
p 0
0 p

]
, p =

[
1 1
i −i

]
, p−1 = 1

2

[
1 −i
1 i

]
.

DiagonalisingF0 gives

E0 = P−1F0P =


eiΩ1t 0 0 0

0 e−iΩ1t 0 0

0 0 eiΩ2t 0

0 0 0 e−iΩ2t

 .

We can now derive a differential equation forEn analogous to (3):

Ėn = P−1ḞnP = P−1AFnP +P−1B(Fn−1P, t).

Now sinceP−1FnP =En,FnP = PEn, so this last equation can be re-written:

Ėn = P−1APEn + P−1B(PEn−1, t). (4)

A simple calculation shows thatP−1AP is a block diagonal matrix given by

P−1AP =ψ (say),=
[
ψ1 0
0 ψ2

]
, ψi =

[
iΩi 0
0 −iΩi

]
.

Eq. (4) can now be written in the form

Ėn =ψEn +P−1B(PEn−1, t), En(0) = 0 (n > 0).

It can be solved using the ‘integrating factor’ exp(−ψt) to give

En = exp(ψt)

t∫
0

exp(−ψt)P−1B(PEn−1, t)dt .
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Since our system is periodic we are particularly interested in theperiod advance mapping, namelyF(T ) whose eigenvalues
determine stability. Thus we really need to calculate

En(T ) = exp(ψT )

T∫
0

exp(−ψt)P−1B(PEn−1, t)dt . (5)

This provides a recursive method for calculatingEn(T ), n= 1,2, . . . .

3. Low-frequency magnetic stirring

When a circular tank of liquid metal is stirred by a relatively weak magnetic field of frequency 1–10 Hz, axisymmetric waves
are excited on the free surface [6]. As the field intensifies, non-symmetric modes proportional to eimθ appear, whereθ is the
azimuthal co-ordinate andm an integer. The free surface displacementηm corresponding to each such mode can be written in
the form

ηm =
∞∑
i=1

xi (t)Jm(λir/a)e
imθ ,

whereλi is theith zero ofJ ′
m(x) anda the tank radius. The evolution equation for thexi (t) is [7]

ẍi + 1

2
εωνn(1− cosωt)ẋi +Ω2

i

[
xi + ε sin(ωt)uiαxα

]+ εω cosωtviαȧα

= 1

8
ω2ε sin(ωt)Wiαaα − 1

4
ωε(1 − cosωt)Tiαẋα . (6)

HereΩi is the natural frequency of modei, andνi , uij ,wij , Tij are coefficients describing nonlinear and magnetic forcing,
and magnetic damping. Eq. (6) can be written in the form of (1) if we express the operator on the right-hand side as

Gi(x, t)= [
aiα(t)Ω

2
αxα − biα(t)Ωαẋα

]
.

Hereα is summed from 1 to infinity and

aiα =
[

ω2

8Ω2
α

wiα − Ω2
i

Ω2
α

uiα

]
sinωt,

biα = ω

4Ωα
(νiδiα + Tiα)+ ω

4Ωα
(4viα − νiδiα − Tiα)cos(ωt).

Parametric resonance may cause non-symmetric modes to grow and lead to further symmetry breaking; at even higher field
intensities the motion becomes chaotic.

The periodic terms in this set of equations involve a single frequencyω which is twice the field frequency. In general, higher
harmonics may be present so for the sake of a little more generality we assume the periodic coefficientsaij (t) andbij (t), which
can be expanded as Fourier series in the form

aij = anijeinωt , bij = bnijeinωt ,

where we use the convention that a repeatedn is summed from−∞ to ∞. We suppose that theaij andbij are real, so

a−n
ij = an∗ij , b−n

ij = bn∗ij ,

where the * denotes the complex conjugate. We also suppose that the (real) coefficientsb0
ii � 0, so that the system is damped.

(Indeed if this condition is not satisfied the system will always be unstable.)
The operatorB is now simply represented by the block matrix

B =
[
B11 B12
B21 B22

]
, Bij =

[
0 0

aijΩj −bijΩj

]
.

Also we find thatP−1BP is given by

P−1BP = C (say),

[
C11 C12
C12 C22

]
, Cij = 1

2

[
α∗
ij

−αij

−α∗
ij

αij

]
,
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whereαij = (−bij + iaij )Ωj , and the asterisk denotes a complex conjugate. The recursion formula (5) forEn now assumes
the form

En = exp(ψt)

t∫
0

exp(−ψt)CEn−1 dt . (7)

In magnetic stirring the interaction parameterε will be small, so the relatively simple calculation ofE1 is sufficiently accurate.
When we apply (7) to

E0 =
[

exp(ψ1t) 0
0 exp(ψ2t)

]
,

the integrand of (7) assumes the form[
exp(−ψ1t) 0

0 exp(−ψ2t)

][
C11 C12
C21 C22

][
exp(ψ1t) 0

0 exp(ψ2t)

]
=
[
D11 D12
D21 D22

]
.

Here,

Dij = exp(−ψit)Cij exp(ψj t)= 1

2

[
β∗
Dij

−β∗
Sij−βSij βDij

]
(8)

and

βDij = αijeit (Ωi−Ωj ), βSij = α∗
ijeit (Ωi+Ωj ). (9)

The general formula forE1 is therefore

E1(T )= exp(ψT )

T∫
0

[
D11 D12
D21 D22

]
dt . (10)

3.1. Non-resonance

We begin by assuming that all the eigenvalues (or diagonal elements) are different, i.e. that

E±iΩiT �= e±iΩjT for any(i, j).

To first order inε Theorem 1 of Appendix A shows that we need calculate only the diagonal elements ofE1(T ). Using (8), (9)
and (10) we find that the first element ofE1(T ) is given by

(D11)11 = −1

2
εT eiΩ1T (b11 + ia11),

and to O(ε) the first eigenvalue is given by

λ= eiΩ1T

[
1− 1

2
εΩ1T eiΩ1T

(
b0

11 + ia0
11
)]= λ

(0)
1 + ελ

(1)
1 .

Since we have assumedb0
11 � 0 the system is stable (marginally stable ifb11 = 0). Other eigenvalues are given by similar

formulae.

3.2. Resonances

When two eigenvalues ofE0 are equal, Theorem 3 of Appendix A shows that a different scheme for calculating the O(ε)

eigenvalue perturbations must be used. There are three possible ways for eigenvalues to coincide – firstly we may find

eiΩiT = e−iΩiT , Ωi = 1

2
mω, m= 1,2, . . . ,

in which case we say we have a type I resonance. A type II resonance occurs when

eiΩiT = e−iΩjT , Ωi +Ωj =mω.

In this case two pairs of eigenvalues are equal sinceλ
(0)
i = λ

(0∗)
j andλ(0∗)

i = λ
(0)
j . Finally we may have a type III resonance,

with

eiΩiT = eiΩjT , Ωi −Ωj =mω,

again giving two pairs of equal eigenvalues.
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3.3. Type I resonance

First we analyse stability in the vicinity of the type I resonance at frequency

2Ω1/m= ω0 say, so that eiΩ1T = e−iΩ1T = eiπm,

wherem is a positive integer. Takingω close to the resonant frequency we write

ω = ω0(1+ εν), T = T0(1− εν), (11)

whereT0 = 2π/ω0 is the period at the exact resonance point. Now Theorem 3 and (10) show that we need to consider the
matrix(

eiΩ1T 0
0 e−iΩ1T

)(
I2 + ε

T∫
0

D11dt

)
,

which can be expanded to O(ε) in the form

eiπm

[(
1 0
0 1

)
+ εiπmν

(−1 0
0 1

)
+ ε

T0∫
0

D11dt

]
. (12)

We use (10) to evaluate the matrixD11. If we write an eigenvalueλ of the matrix (12) in the form

λ= eiπm(1+ ελ1)

then Theorem 3 shows thatλ1 is an eigenvalue of the matrix

1

2
πm

(−2iν − c0 c∗m
cm 2iν − c∗0

)
,

wherecm = bm11 + iam11. The eigenvalues are easily found:

2λ1

mπ
= −b0

11 ± [|cm|2 − (
a0

11 + 2ν
)2]1/2

.

A positive value ofλ1 – and hence an instability – will occur only if

|cm|> ∣∣b0
11

∣∣,
i.e. only if the damping is not too strong. The growth rate will then beελ1/T0. Marginal stability occurs whenλ1 = 0 or

ν = 1

2π

[−a0
11 ± [|cm|2 − (

b0
11
)2]1/2]= ν1, ν2 say. (13)

From the definition ofν in (11) it follows that

ε = ω − ω0

νω0
,

so the the stability boundaries in the(ω, ε)-plane are straight lines emanating from the resonance point(ω0,0) with slopes
1/(ω0νi ), i = 1,2. Note that asb0

11 → |cm|2 from below the wedge-shaped region of instability narrows and eventually

disappears. This is because the damping parameterb0
11 is proportional toε. The case of a fixed damping constant is considered

in Section 3.6.
To investigate the accuracy of the first-order theory, we compare exact and approximate stability boundaries of the equation

ẍ + x = ε
[
a sin(ωt)x − (

b+ c cos(ωt)
)
ẋ
]
,

wherea, b and c are constants. Results are shown in Fig. 1 for theω = 2 resonance. The exact numerical calculation was
performed by using the NAG subroutines D02BJF to calculate the Floquet matrix, and F02EBF to find its eigenvalues. The
stability boundary was then tracked using a form of bisection method.

We seta = 1, c = 0.5, and choose differentb values to illustrate the narrowing of the stability boundaries. The exact
boundaries are tangential to the approximate wedge at the resonance point 2,0 but diverge for larger values ofε. For ε < 0.1
the accuracy is reasonable.
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Fig. 1. Exact and approximate stability boundaries. In A,b = 0 and in B,b = 0.6. The continuous curves represent the exact stability boundaries,
and the dashed curves the approximate instability wedge.

3.4. Type II resonance

Suppose for example that eiΩ1T = e−iΩ2T and the resonant frequency

ω0 = (Ω1 +Ω2)/m (m an integer).

We analyse stability in the vicinity of this resonance point, writingω = ω0(1+ εν), so that

eiΩiT = eipi (1− iεpiν), pi = 2πΩi/ω0. (14)

Following Theorem 3 of Appendix A withp = 1 andq = 4 we consider the O(ε) terms of the matrix(
(E)11 (E)14

(E)41 (E)44

)
.

Using (14) and (10) we can show that the eigenvalues are of the form

λ= eip1(1+ ελ1),

whereλ1 is an eigenvalue of the matrix

1

2

(−2ip1ν −p1c011 −p2d
∗
m12

p1d
∗
m21 2ip2ν − p2c

∗
022

)
. (15)

Here

cmij = bmij + iamij , dmij = bmij − iamij .

It is difficult to write down a general criterion for instability, but as an illustration we consider two coupled equations:

ẍi + 2εkiΩi(1+ cosωt)ẋi +Ω2
i xi = εΩ2

i sinωtaiαxα, i = 1, 2. (16)

The matrix (15) then takes the form(−ip1ν − p1k1 −1
4p2a12

−1
4p1a21 ip2ν − p2k2

)
.

Solving the quadratic eigenvalue equation forλ1 shows that the system is unstable near this resonance point only if

a12a21> 16k1k2

and that the instability region lies between the pair of straight lines,

ω −ω0

ω0
= ±εks

2π

[
a12a21

16k1k2
− 1

]1/2
, (17)

whereks = p1k1 +p2k2.
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3.5. Type III resonance

In this case eiΩ1T = eiΩ2T and

ω = Ω1 −Ω2

m
= ω0 say, m an integer.

To analyse stability in the vicinity of the resonance point we writeω = ω0(1+ εν), and the analysis and notation follow closely
those of the previous subsection. Following Theorem 3 of Appendix A withp = 1 andq = 3 we consider the O(ε) terms of the
sub-matrix(

(E)11 (E)13
(E)31 (E)33

)
.

Using (14) and (10) we can show that the eigenvalues are of the form

λ= eip1(1+ ελ1),

whereλ1 is an eigenvalue of the matrix

1

2

(−2ip1ν −p1c011 −p2c
∗
m12

−p1d
∗
m21 2ip2ν − p2d022

)
.

Again we examine the particular system (16); the quadratic equation forλ
(1)
1 shows that instability occurs only if

a12a21<−16k1k2.

The instability region is bounded by the pair of straight lines

ω −ω0

ω0
= ±εks

2π

[ |a12a21|
16k1k2

− 1

]1/2
. (18)

Fig. 2 compares exact numerically-calculated stability boundaries for (16) with those predicted by the asymptotic
formulae (17) and (18). In Fig. 2A we have chosenΩ1 = 1 andΩ2 = 2, so that there are type I resonances atω = 2 and
ω = 4, and a type II resonance atω = 3. We also tookk1 = k2 = 0.05 and the matrix of coefficients(

a11 a12
a21 a22

)
=
(

1.0 0.3
0.5 1.0

)
.

With this coefficient matrix the potential type III resonance atω = 1 does not in fact occur. In Fig. 2B the sign ofa21 in the
coefficient matrix was changed, so that now we see only a type III resonance. (The complicated shape of the left-most stability
boundary is probably due to an accumulation of weak higher-order resonances nearω = 0.)

Fig. 2. Exact and approximate stability boundaries. A shows a type II resonance, and B a type III resonance. The continuous curve is the exact
boundary and the dashed lines the approximations (17) and (18).

.
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Fig. 3. Instability regions (shaded) for them= 5 type I modes in magnetic stirring. The crosses on theω-axis mark the resonance points.

Fig. 4. Instability regions (shaded) for them= 5 type II modes in magnetic stirring. The crosses on theω-axis mark the resonance points.

3.6. Magnetic stirring results

Fig. 3 shows instability regions for type I resonance of them = 5 mode. (For differentm the picture is very similar.)
A consequence of electromagnetic damping is that not all resonance points trigger an instability. The lowest natural frequency
Ω1 always gives rise to an instability region;Ω2 toΩ7 andΩ9 do not. But thenΩ8, Ω10 and all subsequent natural frequencies
have associated regions of instability, which widen asΩn increases.

Fig. 4 shows instability regions form = 5 type II resonances. Here it appears that every resonance point gives rise to an
instability region. In this application however, no type III resonance appears to be destabilising. The combined type I and type
II instability regions are shown in Fig. 5.

4. Convolution operators

4.1. General considerations

In this section we analyse equations of the form (1) where the operatorG is given by

Gi(x, t) =
∞∫

−∞
Kα(ξ, t)xα(t − ξ)dξ, (19)
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Fig. 5. Instability regions (shaded) for them= 5 type I and II modes in magnetic stirring. The crosses on theω-axis mark the resonance points.

and the kernel functionsKα(ξ, t) are periodic int with periodT . Note that the form (19) includes operators such as

∞∫
−∞

K(ξ, t)ẋ(t − ξ)dξ =
∞∫

−∞
Kξ (ξ, t)x(t − ξ)dξ

assuming thatK → 0 asξ → ±∞.
Such a system arises for example when studying the Faraday experiment with viscous damping [5]. The equations take the

form

än +Ω2
n

[
1+ ε sin(ωt)

]
an = ε

∞∫
−∞

F(ξ)Anαȧα(t − ξ)dξ,

where thean(t) are coefficients in a Fourier series representation of the free surface, theΩn are natural oscillation frequencies,
and theAnα are viscous damping constants. Here the kernel is a function ofξ only and the system can be analysed simply by
taking a Fourier transform. Viscosity rounds off the tips of the typical wedges associated with the undamped Mathieu equation,
and the instability region separates from theω axis and shifts towards the origin. A curious result is that the pointP for example
in the(ω, ε)-plane which was stable in absence of viscosity, is destabilised by the presence of viscosity (Fig. 6).

A single equation of similar form but with a time-dependent Kernel describes the stability of a liquid metal free surface in
the presence of a horizontal alternating magnetic field [10]. We shall our discussion of this more difficult problem to the case of
a single equation.

In these examples the convolution operator arises because a Fourier transform is used to solve a certain sub-problem. In the
Faraday experiment with viscosity, flow in the time-dependent boundary-layer on the base and walls of the tank must be solved
using a Fourier transform. In the Garnier–Moreau problem Fourier analysis is necessary to solve for the diffusion of magnetic
field into the liquid metal. Inversion of the Fourier transform then leads to a convolution integral. An unusual feature of such
problems is that the equation involves values of the unknown functionx(t) say at all times. Solving the magnetic field diffusion
problem for example att = t0 requires knowledge of the surface magnetic field for allt < t0, or alternatively the complete
field distributionB(z,0) at some initial instantt = 0. To analyse stability we monitor the growth of a very small disturbance

Fig. 6. Instability regions for the Faraday experiment. The sloping dashed straight lines represent the stability boundary with zero viscosity, and
the continuous curved line, the boundary when viscosity is included.
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beginning in the distant past, so there is no ‘initial instant’, and a Fourier transform (rather than a Laplace transform) is the
natural method of analysis.

It seems plausible that the equation

ẍ +Ω2x = ε

∞∫
−∞

K(ξ, t)x(t − ξ)dξ, (20)

with initial conditionsx(0) = a, ẋ(0) = b will have a unique solution forε sufficiently small. For if we expandx in the form

x = x0 + εx1 + ε2x2 + · · ·
then the initial-value problem forx0,

ẍ0 +Ω2x0 = 0; x0(0) = a, ẋ0(0)= b,

has a unique solution, and thexn for n � 1 are determined recursively by solving the well-posed initial-value problems

ẍn +Ω2xn =
∞∫

−∞
K(ξ, t)xn−1(t − ξ)dξ ; xn(0) = 0, ẋn(0)= 0.

However further solutions may exist if the Fourier transform ofK has singularities. Consider the special case in whichK is
independent oft , for which a complete analysis is possible. Taking the Fourier transform in time of (20) we find[

Ω2 − α2 − εK̂(α)
]
x̂ = 0 or H(α)x̂ = 0 say, (21)

where the hat indicates the transformed function. This equation has solutions of the form

x̂ = δ(α − αi), x = e−iαi t ,

whereαi is a zero ofH(α). Thus the number of independent solutions is equal to the number zeros ofH . If K̂ is meromorphic
and o(α2) at infinity then a well known theorem of complex analysis [13] shows that

N − P = 2,

whereN is the number of zeros ofH andP the number of poles. ThusN = P + 2, and ifH has poles there will exist more
than 2 independent solutions. For example takeK(ξ)= e−|ξ | thenK̂(α)= 2/(1+ α2), and we findN = 4. The equation

ẍ +Ω2x = ε

∞∫
−∞

e−|ξ |x(t − ξ)dξ (22)

therefore hasfour independent solutions e−iαi t , i = 1−4. For smallε theαi are given by

α = ±
(
Ω − 2ε

Ω(1+Ω2)

)
, α = ±i

(
1− 2ε

1+Ω2

)
.

Two of the zeros are perturbations ofα = ±Ω , and the other two lie near the polesα = ±i.

For some kernel functions (20) may have infinitely many independent solutions. For example letK(ξ, t)= e−ξ2
; then taking

the Fourier transform of (20) we obtain (21) with

H(α)=Ω2 − α2 − ε
√
πe−α2/4.

It is shown in the appendix thatH hasinfinitely manyzeros and consequently (20) has infinitely many independent solutions.
Our main concern is discover the conditions under which (20) will possess afundamental set of solutions, i.e. a finite basis for

the vector space of solutions. Certainly (22) has a fundamental set, even though it is twice as large as we might have expected!
Our last example however does not. In the rest of this subsection we establish sufficient more general conditions under which
the existence of a fundamental set can be guaranteed.

Suppose that the kernel function can be expanded as a finite Fourier series in the form

K(ξ, t)=
N∑

n=−N

an(ξ)einωt .
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Then taking the Fourier transform of (20) with respect tot we obtain

(
Ω2 − α2)x̂ = ε

N∑
n=−N

ân(α + nω)x̂(α + nw). (23)

Now suppose that eacĥa is a meromorphic with a finite number of polesPn say, and can be expanded in the form

ân(α)=
Pn∑
m=1

bnm

α − αnm
,

wherebnm andαnm are constants. Then multiplying (23) by the common denominator of theân we obtain an equation of the
form

p(α)x̂ = ε

N∑
n=−N

pn(α)x̂(α + nω),

wherep(α) and thepn(α) are polynomials. Fourier inversion gives

D(x) = ε

N∑
n=−N

Dn

(
einωt x

)
,

whereD and theDn are differential operators with respect tot . This is a linear differential equation and will therefore have a
fundamental set of solutions. The number of independent solutions is the order of the differential operatorD, which is equal to
the order of the polynomialp.

In many applications the most important question is whether or not solutions of (20) are stable, and in the following sections
we consider approximate and exact methods of stability analysis.

4.2. Stability analysis by time-averaging

If the frequencyω of the kernel functionK is much greater that the natural oscillation frequencyΩ , we can take a time-
average of (20) over one periodT = 2π/ω. Over such a short time-intervalx is regarded as constant, and we obtain

ẍ +Ω2x = ε

∞∫
−∞

K(ξ)x(t − ξ)dξ, K(ξ)= T−1
T∫

0

K(ξ, t)dt . (24)

This approximation has been used by a number of authors to study instability of a liquid-metal free surface in the presence of a
high-frequency alternating magnetic field [14,9]. Taking the Fourier transform in time of (24) we obtain

H(α)x̂ = 0, H(α)=Ω2 − α2 − εK̂, (25)

and the solutions arex = e−iαi t where theαi are the zeros ofH . The system is unstable if there exists a zero ofH with negative
imaginary part. Using the notation of Fautrelle and Sneyd [15] the averaged kernel function for alternating field problem is given
by

K̂(α)= k(1− i)

κ + χ(α +ω)
+ k(1+ i)

κ∗ + χ(α −ω)
,

where

κ = k + (1+ i)/δ, χ(α)= (
k2 − iα/λ

)1/2
.

Herek is the wavenumber of the surface wave,δ the magnetic skin depth, andλ the magnetic diffusivity of the liquid metal.
The branch of square root is chosen to giveχ a positive real part. In order to ensure thatH is analytic two cuts must be made
in the complex plane; these are parallel to the imaginary axis, extending from the pointsα = −ik2λ ± ω to −i∞. Rouché’s
theorem [13] then shows thatH has just two zeros, which for smallε are perturbations of±Ω . These are readily calculated
numerically, and a weak instability is found.
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4.3. Floquet matrix method

Stability may be determined by calculating the Floquet matrix to leading order, as discussed in Section 2. Using the methods
of that section we find that

E0 + εE1 =
eiΩT

[
1+ εT K̂(−Ω)

2iΩ

]
O(ε)

O(ε) e−iΩT
[
1− εT K̂(Ω)

2iΩ

]
 .

Instability occurs if either of the eigenvalues of this matrix has absolute value greater than 1, i.e. if

�{K̂(−Ω)
}
> 0 or �{K̂(Ω)

}
< 0. (26)

Curiously this result is the same to O(ε) as that found by time-averaging. If we calculate the zeros ofH(α) (see (25)) to O(ε),
we find

α =Ω − ε

2Ω
K̂(Ω), α = −Ω + ε

2Ω
K̂(−Ω).

The system is unstable if either of these expressions has a positive imaginary part, which is equivalent to condition (26), and
the corresponding expressions for the growth rates are also equal. It is surprising that these two quite different approximations
– one based on largeω and the other on smallε yield the same instability criteria.

4.4. Numerical methods

Suppose the kernel function can be expanded as a finite Fourier series:

K(ξ, t)=
M∑

m=−M

am(ξ)eimωt , (27)

and that a fundamental set of solutions exists. Then according to the well-known result of Floquet theory [16], the fundamental
solutions can be written in the form

eist
∞∑

n=−∞
αneinωt , (28)

wheres is a constant which determines the growth rate or decay rate of the solution. The system will be unstable if the imaginary
part ofs is negative for any fundamental solution. We note that there is some redundancy involved in the representation (28) –
if we make the transformations → s + pω, αn → αn+p , wherep is an integer, the fundamental solution (28) is unchanged.
Without loss of generality we can assume the−ω/2 � �(s) � ω/2.

Substituting this solution form into (20), and equating coefficients of einωt we obtain a system of equations

(
Ω2 − s2

n

)
αn = ε

M∑
m=−M

αm−nân(−sm−n), n= 0,±1,±2, . . . ,

wheresn = s + nω.
If we truncate the series (28) to 2N + 1 terms say (summing fromn = −N to N ), the above system can be written in the

form

A(s)α = 0, αT = (α−N, . . . , α−1, α0, α1, . . . , αN ).

The matrixA(s) has an 2M + 1-diagonal structure, i.e. in each row there areM non-zero elements on either side of the leading
diagonal, the growth rates can be found by solving

detA(s) = F(s) (say)= 0. (29)

In principle (29) can be solved numerically – for example by the Newton–Raphson method – to determine the zero with
maximum negative imaginary part, but this method is fraught with difficulties. When a derivative is required, each iteration
involves computing 2N + 2(2N + 1) × (2N + 1) determinants (1 forA(s) and 2N + 1 for A′(s)). Care must be taken to
ensure thatall zeros are found, since different initial guesses may converge to the same value. Nevertheless the method may
be feasible providedM is small, and not too large a value ofN is necessary for convergence. For example in the alternating
field problem [10] the matrixA is tridiagonal (M = 1), which means only a simple computation is necessary to evaluate the
determinants, and it was found in practice that a Fourier series truncation ofN = 3 gives accurate results. To ensure that all
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zeros were found, the calculation was first performed for parameter values which yielded simple estimates of the zeros; then
the parameter values we gradually changed, the results of the previous calculation being used as initial estimates for the next.

An alternative method for estimating the largest negative real part of the zeros ofF(s) is based on the well-known result,

;CArgf (z)= 2π(N0 − P)

for the change in argument of an analytic function around a closed contourC. HereN0 is the number of zeros andP the number
of poles off (z) insideC. The chosen contour consists of the straight line segment�(s) = b completed by a semi-circle in the
lower half of the complex plane (Fig. 7). We takeAB so long that the semi-circle can include all zeros in the lower half-plane.

Assuming that̂an(s) = o(s2) thenF(s) ≈ s4N+2 as|s| → ∞ , and the change in argument ofF(s) around the semi-circle
is (2N + 1)π . The numbern(b) of zeros ofF(s) lying belowAB is therefore given by

nb = 2N + 1−;ABArg
(
F(s)

)
.

The change in argument inF(s) is readily calculated by stepping alongAB. If this line passes close to a zero the argument
may change rapidly so it was found necessary control the step length to prevent any increment in the argument exceeding 0.2
radians. A bisection method was then used to locate the value ofb, saybc at whichnb becomes zero;bc then equals the largest
negative imaginary part of any zero, and hence the growth rate of the instability. This method proved to be very robust.

A typical set of results for the alternating field problem [10] is shown in Fig. 8 as graphs of growth rate versus the
wavenumberk of the surface wave.

Fig. 7. ContourC in the complex plane.

Fig. 8. Graph of growth rate versus wavenumberk.
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4.5. Resonance

The most remarkable feature of the results is a series of sharp peaks in the growth rate, which occur nearresonancepoints
where the gravity-capillary frequencyΩ is an integral multiple of the applied frequencyω:

Ω =mω, m= 1,2,3, . . . .

(The positions of the resonances are marked by vertical dotted lines.) In order to understand these peaks we assume thatε is
small. To leading order inε the matrixA is diagonal, and the zeros are given by

s = −2nω ±Ω, −N � n �N.

Two zeros corresponding ton = n1, n= n2 are equal if

Ω = (n1 − n2)ω,

i.e. if we are at a resonance point. It appears therefore that the imaginary part of nearly coincident zeros grows very rapidly in
the vicinity of a resonance point, but is relatively small everywhere else.

To demonstrate this we truncate the system of equations toN = 1 so that we are dealing with a 3× 3 matrixA. The diagonal
elements written to leading order and in dimensionless form are:

(1+ s′ − 2w)(1− s′ + 2w), (1+ s′)(1− s′), (1+ s′ + 2w)(1− s′ − 2w),

wheres′ = s/Ω andw = ω/Ω . At the first resonancew = 1 the zeross′ = ±1 are repeated, and we consider in detail the
behaviour of the former zero in this neighbourhood, writing

s′ = 1+ εδs, w = 1+ εδw.

The equation det(A)= 0 can now be written to first order inε in the form∣∣∣∣∣∣
2ε(δs − 2δw)+ εâ0(Ω) εâ−1(Ω) εâ−2(Ω)

εâ1(−Ω) −2εδs + εâ0(−Ω) εâ−1(−Ω)

â2(−3Ω) εâ1(−3Ω) −8

∣∣∣∣∣∣= 0.

Dividing the first two rows of the determinant byε and then lettingε → 0 we find thatδs satisfies a quadratic with solution

δs = δw − 1

2
iâ0I ± 1

2

[
(2δw − â0R)

2 − |â−1|2]1/2, (30)

where theâi coefficients are all evaluated atΩ and the subscriptsR,I indicate real and imaginary parts. The corresponding
growth rate−ε�(δs ) is also shown as a dashed curve in Fig. 8. Clearly, the growth rate corresponding to this zero is usually
negative, but increases rapidly near a resonance point, outstripping the growth rates yielded by the other zeros. Eq. (30) shows
that maximum growth rate occurs atδw = −â0R/2 – a point lying slightly to the left of the resonance point. Asε becomes
smaller, the resonance point and point of maximum growth rate tend to coincide more closely, as expected. The maximum
growth rate can also be predicted from (30) to be(|â1|2 − â0I )/2. This is much larger than typical values away from the
resonance point, since the real parts of theâi coefficients are generally much larger than the imaginary parts in this particular
application.

It is easily verified that the other repeated zeros′ = −1 gives an identical growth rate. The behaviour at other resonance
points can be described by quadratic equations using similar methods, but the algebra becomes more complicated, since to deal
with the resonanceΩ = nω one needs to consider a(2n+ 1)× (2n+ 1) determinant.

5. Conclusions

Floquet theory can be used to analyse the stability of equations of the form (1) when the operators are multiplicative. A first-
order perturbation in the small amplitude parameterε provides a complete classification except in degenerate cases when a
formula such at (13) predicts neutral stability becausec0 = cm = 0. Then an expansion up to O(ε2) is necessary to determine
stability; the recursion formula (5) is applied twice, and the algebra becomes more complicated. Comparison of first-order
approximations with exact numerical results for system of equations with coefficients of order unity, shows that our formulae
are quite accurate ifε < 0.1.

Convolution operators are more difficult because the system may not have a finite fundamental set of solutions. We have
established a sufficient condition for the existence of a fundamental set, but more work is necessary for a complete analysis.
Trial solutions of the form (28) however can provide a lower-bound for growth rates, even when Floquet analysis is not strictly
applicable.
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Appendix A. Matrix theorems

Theorem 1. If Λ is a diagonal matrix in which all the elementsλk are different, then to leading order inε the eigenvalues of
the matrix

Λ+ εA

are: λk +Akk, k = 1,2, . . . .

Proof. The proof is very simple [12]. Clearly, to leading order the eigenvalues are simply theλk . We write thekth eigenvalue

asλk + ελ
(1)
k and substitute into the eigenvalue equation

Det
(
Λ+ εA− I

(
λk + ελ

(1)
k

))= 0. (31)

Now divide thekth row byε and letε → 0; we find thatλ(1)
k

=Akk . ✷
Theorem 2. The matrixA has only diagonal elements, apart from rowsp andq say which are general. Then the determinant
of the matrix isC(AppAqq −ApqAqp), whereC is the product of the diagonal elements apart from those in rowsp andq.

Proof.

Det(A)= εi1i2...ip ...iq ...ina1i1a2i2 . . . anin =Cε123...ip ...iq ...napip aqiq = C(appaqq − apqaqp),

whereεi1i2...in is the permutation symbol.✷
Theorem 3. If two of the diagonal elements sayλp andλq of the matrix of Theorem1 are equal, then the eigenvalues of the
matrix

Λ+ εA

are as before, except for those eigenvalues corresponding to rowsp andq which are replaced by the eigenvalues of the matrix[
App Apq

Aqp Aqq

]
.

Proof. Divide rowsp andq of (31) byε and then letε → 0. Theorem 2 then gives the required result.✷

Appendix B. Zeros of H

The functionH is defined by

H(α)=Ω2 − α2 − ε
√
πe−α2/4.

When one setsz= (Ω2 − α2)/4 andf (z)=H(α)/4, the problem reduces to showing that the function

f (z) = z− ε′ez, ε′ = 1

4
ε
√
πe−Ω2/4,

has infinitely many zeros. Clearly the zeros must lie on the curve,|z| = ε′|ez|, and Fig. 9(a) shows this curve for various values
of ε′. If ε′ > e−1 the curve has a single branch; forε′ < e−1 it consists of two branches, one of which is a closed loop about
the origin. Note that the slope of all curves tends to±∞ asy → ±∞. A point z on this curve is a zero provided it satisfies the
further condition,

Arg(z)= Arg
(
ez
)

or θ + 2nπ = y, (32)

wheren is an integer. Fig. 9(b) shows graphs of the LHS of (32) forn = 0,1, . . . and of the RHS in the caseε′ = 1. The
independent variable is taken to be tan−1(x) so as to represent a semi-infinite range ofx values on a finite interval. Clearly
the graphs have infinitely many intersections, corresponding to infinitely many zeros off (z). For largen the zeros are given
asymptotically by

yn ≈
(

2n+ 1

2

)
π.
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Fig. 9. (a) shows the curves|z| = εex for various values ofε. (b) shows graphs of 2nπ + θ andy versusx in the caseε = 1. The zeros off (z)
correspond to the intersection points of the graphs.
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